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Abstract
We show that the ground states of spin-fermions interacting by a delta repulsive potential
in a strong magnetic field can be put in one to one correspondence with the solitons of the S2
non linear σ-model.
1 Introduction
The minimum of a classical action can be related to the ground state of a quantum Hamiltonian.
In this letter we review the Skyrmion of the Hall effect [1] which gives an example of such a
correspondence and relates the topological charge of the classical soliton to the electric charge
of the quantum state. In a given topological sector, the solitons which minimize the action all
have the same action and are in one to one correspondence with the degenerate eigenstates of
a quantum Hamiltonian in the same charge sector. Moreover in both cases, the action and the
energy are equal to the modulus of the charge.
Belavin and Polyakov [2] have considered the classical solutions of the two dimensional
nonlinear σ-model on the sphere S2. The field configurations ~n(x, y) can be characterized by
their stereographic projection on the complex plane w(x, y). One requires that the spin points
in the x direction at infinity, or equivalently w(∞) = 1. The minima of the action are rational
fractions of z = x+ iy: w(z) = f(z)/g(z). The soliton ’s winding number and its classical action
are both given by the degree k of the polynomials f, g. The soliton is thus determined by the
positions where the spin points to the south and the north pole given by the zeros of f and g.
In quantum mechanics, the wave function for a single spin 1/2 particle constrained to the
Lowest Landau Level (LLL) is fully determined by the positions where the spin is up or down
with probability one. Up to an exponential term, the two components of this wave function are
polynomials in z vanishing at the positions where the spin is respectively up and down. Such
a wave function could for example describe a Bose condensate for two spices of particles in a
rotating frame. This is not sufficient however for the expectation value of the spin operators
to coincide with ~n everywhere in space. To achieve this precisely one must consider manybody
wave functions which up to an exponential can be written as:
〈z1, .., zNe |Φ〉 =
Ne∏
i=1
(f(zi) ↑ +g(zi) ↓)
∏
i<j
(zi − zj)
m (1)
These wave functions have been considered (for m = 1) by MacDonald, Fertig and Brey [3] in
the Hall effect context. They represent the ground states of spin one half particles at a filling
fraction close to 1/m. Here we show that the correspondence with the nonlinear σ-model can
be made precise in the case m = 1. One has the following correspondence table:
1
S =
∫
(~∇~n)2d2x H =
∑
i<j δ
(2)(~xi − ~xj)
~n(~x) |Φ〉 a Slater determinant
S(~n) = k = winding nb. 〈Φ|H |Φ〉 = k = electric charge
2 Skyrmion and non linear σ-model
Let us first review the classical solitons on the sphere S2. A point on the sphere is a unit vector
~n(~x) with which we construct the projector p(~x) = (1 + ~n~σ)/2. p is a two by two rank one
projector p2 = p and the action for the non linear σ-model takes the form:
S =
1
π
∫
tr ∂zp∂zp d
2x (2)
To obtain the solitons which minimize the action let us substitute ∂zp
2 for ∂zp to rewrite the
integrand as tr p(∂zp∂zp+ ∂zp∂zp) and add to (2) the topological term:
K =
1
π
∫
tr p(∂zp∂zp− ∂zp∂zp) d
2x (3)
so that the sum takes the form:
S′ = S +K =
2
π
∫
tr (p∂zp)
+(p∂zp) d
2x (4)
(4) is positive and the solutions with S′ = 0 must obey p∂zp = 0. If we parameterize p by
a unitary vector v, v+v = 1, p = vv+, it is solved for v = N−1(f(z), g(z)) where f, g are
homomorphic functions and N =
√
|f |2 + |g|2. If one requires that p(∞) = (1+ σx)/2, f and g
are polynomials with the same highest coefficient zk. The integrand of K is the field strength of
the gauge potential ω = −v+dv/2i which goes to a pure gauge far from soliton. The topological
term is therefore given by the contour integral of ω at infinity equal to −k and thus S = k.
The quantum analogous problem we consider here consists in finding the degenerate ground
states of electrons interacting by a δ repulsive potential in the lowest Landau level (LLL).
The electrons are confined in a finite disc thread by Nφ magnetic fluxes. When the number
of electrons Ne differs from Nφ by an integer equal to the winding number k the quantum
eigenstates coincide with the classical solitonic field configurations if the scale of variation of the
soliton is large compared to the magnetic length.
In order to introduce the physical problem we need to define some notations [4]. In the
symmetric gauge the LLL degenerate wave functions can be taken as the eigenstates of the
angular momentum operator. They are given by:
〈z|l〉 = (q1/2z)l/(2πl!)1/2e−qzz/2 (5)
where the parameter q has the dimension of a length−2. Later we shall be interested in the
limit q → ∞ where we recover the classical limit. We confine the electrons in a disc of area
Ω = Nφπ/q where Nφ is an integer counting the number of magnetic fluxes through the disc.
Thus we must have 0 ≤ l ≤ Nφ − 1 and Nφ counts the degeneracy of the LLL.
It is useful to define a set of oscillators which act within the LLL:
b = ∂z/q + z/2, b
+ = −∂z/q + z/2 (6)
They obey the commutation relation: [b, b+] = q−1 and in the limit where q →∞ they become
the true coordinates of the electrons. Things simplify if we take the size of the disc large
compared to the characteristic size of the solitons which amounts to take Nφ =∞. In this limit
the coherent states |z〉 are defined as the eigenstates of b: b|z〉 = z|z〉 and their scalar product
ρ = 〈z|z〉 = q/π does not depend on |z〉. The Q-symbol [5] of a matrix Aˆ =
∑
ll′ |l〉Aˆll′〈l
′| acting
within the LLL consists in bracketing it between coherent states and normalizing it by ρ:
a(z, z) = 〈z|Aˆ|z〉/ρ (7)
2
In particular one has:
ei(p¯z+pz) = 〈z|ei
p¯b+
q ei
pb
q |z〉/ρ (8)
The Q-symbol induces a non commutative product on functions which we denote by ∗:
a ∗ b = 〈z|AˆBˆ|z〉/ρ and in the limit q →∞, the *-product coincides with the ordinary product.
Using (8) one can evaluate the first order correction to the ordinary product given by:
a ∗ b = ab+
1
πρ
∂z¯a∂zb+O(
1
ρ2
) (9)
The second quantized field that annihilates (creates) an electron with a spin σ at position
~x in the LLL can be constructed in terms of the fermionic operators clσ (c
+
lσ) which annihilate
(create) an electron in the lth orbital:
Ψσ(~x) =
∑
l
〈z|l〉clσ (10)
In terms of this field, the total number of electrons in the LLL is Ne =
∫ ∑
σ Ψ
+
σΨσ(~x) d
2x.
The charge of the Skyrmion is the difference between the number of magnetic fluxes Nφ and the
number of electrons Ne: Qs = Nφ −Ne. In other words, it is the number of electrons added or
subtracted to the system starting from a situation where the filling factor ν = Ne/Nφ is exactly
one. In the following we consider the limit Nφ, Ne =∞ keeping the charge Qs fixed.
The authors of [3] observed that the zero energy states of the hard-core model Hamiltonian
could be completely determined. In this letter, we consider a closely related short range repulsive
Hamiltonian invariant under a particle hole transformation Ψ → Ψ+ and such that the energy
of its ground state coincides with the charge. It is given by:
H =
1
ρ
∫
(Ψ+↑ Ψ↑ −Ψ↓Ψ
+
↓ )
2(~x) d2x =
2
ρ
∫
(Ψ↑Ψ↓)
+(Ψ↑Ψ↓)(~x) d
2x+Qs (11)
where we have used the fact that {Ψσ(~x),Ψ
+
σ′(~x)} = ρδσσ′ to obtain the second equality. Let
us for simplicity consider the case where Qs > 0, the other case can be reached using a particle
hole transformation. This Hamiltonian is clearly bounded from bellow by Qs and the exact
eigenstates with energy Qs are obtained for states |Φ〉 such that Ψ↑(~x)Ψ↓(~x)|Φ〉 = 0. In such a
state two electrons never occupy the same position and the wave function is blind to the short
range potential. This property is precisely guaranteed by the factor
∏
i<j(zi − zj) in (1).
The states (1) carry a charge Qs = k where k is the degree of the polynomials f and g. They
are Slater determinants:
〈z1, .., zNe |Φ〉 =
Ne∧
1
(f(zi) ↑ +g(zi) ↓)〈zi|l˜〉 (12)
In principle the states |l˜〉 can be the LLL basis (5) but it is more convenient to redefine new
states so that components of the antisymmetrized product (12) are orthogonal to each other.
The basis |l˜〉 is an orthogonal basis for the scalar product: 〈l˜|f¯(b)f(b+)+ g¯(b)g(b+)|m˜〉 and 〈z|l˜〉
is a polynomial of degree l. In other words, 〈z|l˜〉 is basis of orthogonal polynomials for the scalar
product:
〈φ|φ′〉 =
∫
φ¯(z¯)φ′(z)e−qz¯z(|f |2 + |g|2)d2x (13)
In general [6], a Slater determinant is fully determined by the matrix expectation value:
〈z|Pˆ |z〉 = ρp = 〈Φ|
(
Ψ+↓ Ψ↓ Ψ
+
↑ Ψ↓
Ψ+↓ Ψ↑ Ψ
+
↑ Ψ↑
)
|Φ〉 (14)
and its characteristic property is that Pˆ is a projector Pˆ 2 = Pˆ . In the case of (12) we can obtain
Pˆ explicitly as follows. The states |vl〉 = (f(b
+) ↑ +g(b+) ↓)|l˜〉 can be organized into a vector
3
V =
∑
l |vl〉〈l|. By construction, V
+V = Id, so that, V V + = Pˆ , where Pˆ is the projector with
Q-symbol p.
To relate the Skyrmion to the classical σ-model, let us evaluate the energy of a slater deter-
minant |Φ〉 using the Wick theorem 1:
〈Φ|H |Φ〉 = ρ
∫
(2detp− trp+ 1) d2x (15)
In the above expression, the determinant is evaluated using the ordinary product. Suppose we
replace it with the ∗-product in (15). Using the fact tat p ∗ p = p one verifies that the integrand
rewrites (trp − 1) ∗ (trp − 1). Since tr(p − 1) is O(ρ−1), the *-square is O(ρ−2) and does not
contribute to the energy when ρ → ∞. Therefore, the limiting value of (15) is given by the
modification induced by the ordinary product at first order in ρ−1. One obtains from (9):
〈Φ|H |Φ〉 =
1
π
∫
tr ∂zp∂zp d
2x+O(1/ρ) (16)
which is the value of the action (2) and establishes the correspondence between the classical and
the quantum problems.
Although the classical action (2) can be obtained straightforwardly from the energy (15) in
the limit ρ → ∞, the topological term (3) cannot so directly be related to the charge of the
Skyrmion. It is nevertheless possible to define the topological term at the quantum level [7] and
to verify it coincides with the charge in the present case. For this we need to make the following
substitutions in (3):
p→ Pˆ ,
1
π
∫
. d2x→
1
q
Tr ., ∂z.→ q[b, .], ∂z.→ −q[b
+, .] (17)
where Tr now stands for the trace of the matrix in the LLL Hilbert space. The modified
expression of K (3) still defines a topological invariant which coincides with K in the limit
ρ→∞. One advantage is that it can be defined for projectors Pˆ which do not have a classical
limit p. For example, the easiest way to realize a charge −k configuration consists in expelling
k electrons from the first l < k angular momentum orbitals in the ν = 1 filled LLL (Here
the spin can be kept fixed and plays no essential role). The projector which characterizes this
configuration is Pˆ =
∑
l≥k |l〉〈l|, equivalently V = b
+kN−1 =
∑
l |l + k〉〈l|. This projector has
no classical correspondent because the size of the soliton is of the order of the magnetic length.
Nevertheless, using the quantum expression one can easily verify that the topological invariant
is equal to the charge K = −k. One can also proceed as in the classical case and express K as
the trace of a commutator: K = −qTr([b,V+[b+,V]] − [b+,V+[b,V]). Then use the fact that
the Hilbert space is finite dimensional (the angular momentum l is bounded by Nφ) to undo the
commutator and bring back the trace to a single boundary (l ∼ Nφ) matrix element.
3 Acknowledgments
I thank D.Bernard, G.Misguich and D.Serban for discussions and G.Misguich for a careful
reading of the manuscript.
References
[1] S.L. Sondhi, A. Karlhede, S.A. Kivelson and E.H. Rezayi, Phys.Rev.B 47, 16419 (1993).
[2] A.A.Belavin and A.M.Polyakov, JETP Let. 22, 245 (1975).
[3] A.H. MacDonald, H.A. Fertig and L.Brey, Phys.Rev.Lett 76, 2153 (1996).
[4] V.Pasquier, Phys.Lett.B 490, 258 (2000).
1In [4] we had evaluated the energy keeping the Hartree contribution only.
4
[5] F.A.Berezin, Sov.Phys.Usp. 132, 497 (1980).
[6] J.P.Blaizot and G.Ripka ,”Quantum Theory of Finite Systems”, The MIT Press (1986).
[7] A.Connes,”Noncommutative Geometry”, Academic Press (1994).
5
